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The Ocean Waveheight Nondirectional Spectrum from 
Inversion of the HF Sea-Echo Doppler Spectrum 

DONALD E. BARRICK 

NOAA/ERL/Wave Propagation Laboratory, Boulder, Colorado 80302 

The measured HF sea-echo Doppler spectrum consists of prominent first-order peaks, around 
which exist second-order sidebands of a continuous nature. Theoretical models developed else- 
where are interpreted here and shown to satisfactorily account for these first and second-order 
measured spectral features. Employing these theoretical models, this paper derives a simple inver- 
sion technique for obtaining the waveheight nondirectional spectrum. The result is a closed-form 
expression, independent of the wave directionality factor, the radar look direction, or the stage of 
development of the waveheight spectrum. Approximations required in the derivation are stated 
along the way, and are shown to become increasingly valid in the limit of high seas and/or radar 
frequencies. The technique is tested by attempting to recover several input waveheight nondirec- 
tional spectra for various radar look directions. Comparisons show that the technique produces 
acceptable results for koh ~ 0.2, where ko is the radar wavenumber and h is the rms waveheight. 
Application of the inversion technique to measured data is straightforward. One employs one of 
the stronger second-order Doppler sidebands (vs. Doppler frequency with respect to the first- 
order Doppler-peak frequency) and divides it by a parameterless, dimensionless weighting function 
derived in this paper. He then divides this result by the adjacent first-order spectral energy. The 
latter normalization (i) serves to remove any unknown radar path loss or system gain factors, and 
(ii) also eliminates the need for any a priori knowledge of the wave or radar directionality and/or 
the assumption of a model for these latter quantities. 

1. Introduction 

The use of  HF radar to measure vari- 
ous parameters characterizing sea state 
was suggested by Crombie (1955) over 
two decades ago; he correctly deduced 
from measured echo spectra that the 
dominant  (first-order) return was ex- 
plained by the simple Bragg or diffrac- 
tion-grating mechanism. More recently, 
analyses by  Barrick (1972a, b) have 
developed theoretical models for the 
first-order sea echo which are com- 
patible with Crombie's  interpretations. 
Barrick (1971b, 1972b) extended these 
analyses to second-order, thereby ac- 
counting for the continuum in the 

observed Doppler spectrum between 
the first-order peaks: this theory reveals 
that a double (ocean) wave-wave inter- 
action with the incident radar wave 
accounts for the scattered signal. Valen- 
zuela (1974) obtained results that agree 
with those of  Barrick, thereby lending 
credence to the conclusion that present 
models are correct to first and second 
order. 

Hasselmann (1971 ) first suggested that 
the second-order Doppler sidebands 
ought to be proportional to the wave- 
height nondirectional temporal spectrum. 
He also suggested a convenient normali- 
zation of  dividing these sidebands by the 
first-order echo, thereby canceling un- 
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known factors such as path loss and 
system gains. Stewart (1971) further 
explored conditions under which Has- 
selmann's hypothesis should be valid 
for a given sea-spectral model and radar- 
to-wind direction, deriving a result for 
mean-square waveheight. This paper 
derives precisely the relationships sug- 
gested by Hasselmann; no models for 
the waveheight directional spectrum 
are required, and the result is indepen- 
dent of the radar look direction. Approxi- 
mations that are needed are stated along 
the way. These approximations and 
their implicit requirements in terms 
of radar frequencies and sea roughness 
are established by comparing nondirec- 
tional spectra recovered via our inversion 
technique with the original input to 
the model. 

One can obtain many important de- 
scriptors of sea state from the wave- 
height nondirectional-spectrum, includ- 
ing rms waveheight, the dominant wind- 
wave period, swell periods, and the 
general stage of development of a wind- 
driven sea. This spectrum is readily 
obtained by oceanographers from time- 
series records of waveheight, as measured 
by wavestaffs or buoys with vertical 
accelerometers. (See Kinsman, 1965, for 
a general treatment of waves and their 
measurement.) The possibility of mea- 
suring this oceanographic quantity with 
skywave lover-the-horizon] or surface- 
wave HF radars (Barrick, lq73) repre- 
sents an important step forward in re- 
placing i n - s i t u  observing devices with 
remote-sensing techniques. 

Results obtained in Barrick (1972a) 
show that the average, first-order sea-echo 
Doppler spectrum (for vertically polarized 

backscatter at grazing incidence), ex- 
pressed as radar cross section per mean 
surface area per rad/s bandwidth, is: 

ol I )(COd) = 2~vk~ v )¢+(tCrx.Kry)h (COd¥coor), 
lt.Q 

(1) 

where ~-~ is the total radar wavenumber 
vector, defined as ~r = /~s /~i" The 
coordinate system selected here has the 
backscattering wavevector, U s, taken at 
an angle ~ with respect to the x-direction: 
hence the incidence radar wavevector. 
/~i, lies in the direction n + ~. Therefore, 
gr becomes 2k  o cos~.k + 2 k o s i n ~ j ' ,  with 
ko being the scalar radio wavenumber. 
The summation convention refers to the 
upper (u) and the lower i~)subscripts 
and signs in the equation. The quan- 
tity coa is the radian Doppler shift 
of the received signal, defined as coa 
= - c o  s co i, with ca s and col being 
the frequencies of the scattered and 
incident signals, respectively. The deep- 
water gravity-wave dispersion relation is 
employed to define COo,. co,,,. = sgn 
(tCrx) ×x/gtCr = sgn (cos~) coB, where 
~ = I~-~ I, g is the acceleration of 
gravity (",, 0.8 1 ms z ), and cob is referred 
to as the first-order Bragg frequency 
(coB ~ ~ .  The expression sgn (x) 
is a sign indicator, which takes on the 
values -+ 1 depending on whether .v is 
-+. The average waveheight directional 
spectrum represented as S+ and S_- is 
defined and discussed in App. A: suf- 
fice it to say here that S+ is defined to 
peak azimuthally along the +x-axis. The 
quantity 6(x) is the Dirac-delta function 
of argument x. 
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From Barrick (1972b),  the correspond- 
ing result for second-order sea echo is 

o o  

98 4 ~_,~_~ff d2 ~1 irrl2 O ( 2 ) ( a ) d )  = _ zr o /./,~ . c o  

S+_ (gl x,Kl y) S+_ (K~2x,K2y) ¢~ ((..ddT(..Ool T-¢...OO2), 

where 

G)o  1 

~'1 ~ 1/2L + KI; t% = 1/2~r - ~I; 

= sgn (K i x) ~ Wo 2 = sgn (K 2 x) 

FT = FH + rEM, where 

i 

g 

-  o1 oo21, 

In the next section, we demonstrate 
how one can employ the waveheight 
directional spectrum in (1) and ( 2 ) t o  
predict the average sea-echo signal 
spectrum as seen at the ou tpu t  of  a 
receiver; this is then compared to mea- 
surements to establish the validity of  the 
theoretical models. The third section 

(2) shows and explains the approximation 
whereby one of  the two waveheight 
spectrum factors appearing in (2) is 
removed from the integrand as a con- 
stant, while the remaining integral 
is evaluated. Sec. 4 discusses the approxi- 
mation in which the coupling coefficient, 
PT, is removed and evaluated at each 
Doppler shift, cod- Finally, Sec. 5 
shows examples of  the use of  the com- 
plete inversion technique to recover 
input waveheight spectra to the theoreti- 

(3a) cal model; thus the accuracy of  the 
method is established for a variety of 
sea-state/radar-frequency conditions. 

1 
FEM = 2 (K,xK2x - 2K1 " g2)  / (~/K-1 " g-2 

+ koA  ), (3b) 2. The Doppler Spectrum: Interpretation 
and Direct Solution 

and where we take the integration 
variables here to be p, q, such that 
~I = p 2  + q f i .  The quanti ty ix is the 
normalized electrical impedance for the 
rough sea surface at grazing incidence, 
as defined and derived in Barrick ( 1971 a). 

The coupling coefficients FH and 
I ' E M  are obtained from the second- 
order terms in the perturbational ex- 
pansions for the sea waveheight and 
electromagnetic scatter, respectively; the 
equations describing these processes are 
nonlinear. 

The preceding theoretical expressions 
show that the B r a g g - o r  diffraction 
g ra t ing-e f fec t  is responsible for the 
scatter. Equation (1) shows that the 
ocean wavevector responsible for first- 
order backscatter is k-r = k's - k-i; like- 
wise the temporal wavenumbers follow 
the same first-order Bragg condition, 
i.e., COd = -+ COB = COs -- col. To second 
order, (2) shows that the two ocean 
wavesets responsible for scatter, having 
wavevectors k-1 and k-2, obey the rela- 
tion -+ ~ 1 -+ /~2 -= ]~s - -  ]~i  ' and the wave 
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frequencies  are related as ± co. i  ~-co,2 
= cos, o , ) i :  thu> two sets o f  ocean  
w:_~ve.~ are interact ing s imul taneously  to 
produce  the scatter. Of  course,  the lowest- 
, ;rder dispersion equa t ion  relates coot to 
g r ,  a l l d  COot  , 0 - ) 0 2  t o  K 1 , K 2 . 

By t ransforming ( 2 ) p roper ly ,  the delta 

funct ion  in the integrand can be used to 
simplify the double  integral, reducing 
it to a single integral. Of  the various trans- 
format ions  possible, we have chosen one  
discussed in App. B. Its use results in 
the fol lowing expression for the second- 
order  Doppler  spec t rum:  

0- 2 

c°zeol: I (c°u~) = (2k,,) srwv ZZ I 

where 

dee I 77'(~', °~) [eS, [~-1 (u,oe)]S_+ [~-2 (u,oO] sin2o~ 

f,6 (0~) N/2p4.f4 (0~)' p8 "-~ cos . _~ .f.8 (o~) 

7 /,{z,,c~) - 

i 2 J  q (oe)v e 
[ ~  (cosu + sino~) + sgn(K ~ )sgn(~z.v ) (1 + sin2c~ - - -  

.1.4(~) 

U 4 

(4) 

)× 

I + t '2 4P4./'4(Oe) 3./'elO0 PSCOS220~ 

tl p: ) l  + [ ffff(o~) v 4 +~ f - ' ( c~ ) /x / ' 2  } " 

with all of  the remaining quant i t ies  be- 
ing def ined in App. B. The Doppler  fie- 
quency  is normal ized here to the first- 
order  Bragg f requency  as follows: co d 
-.-= p c o f l .  

One advantage o f  this t r ans fo rma t ion  
is that it explains a p rominen t  feature  
of  the Doppler  spect rum:  the peak at 

/2 = ~3/4 This feature  arises when the 
radical in the d e n o m i n a t o r  o f  the second 
term of  7T (i.e., the e lec t romagnet ic  
coupling factor)  vanishes. Physically,  the 
significance of  this radical vanishing is 
that  the in te rmedia te  radio wave inter- 
acting with the two sets o f  ocean waves 
having wavevectors  ~t and F% which 
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has wavevector ~ I -  is equal in magnitude 
to the free-space radio wavenumber, k o ,  

and is propagating along the surface. 
This means that the radio wave is at a 
transition point between being scattered 
and being evanescent; it therefore re- 
sults in the greatest possible transport of  
(radio) energy between the two sets of  
ocean waves. The value ofc~, i.e., ae, that 
causes the radical to vanish ( v s  p )  is that 
solution to the transcendental equation 
f(ae) = u; it is shown plotted in Fig. B-1. 
In this case, the peak at u = 2 3/4 is ex- 
plained via our transformation by a sim- 
ple "corner-reflector" effect. Two sets of 
ocean waves that produce intermediate 
scatter along the surface-as shown in 
Fig. 1 -mus t  propagate at angles a e and 
n/2-a e with respect to the backscatter 
direction. Furthermore,  their wavelengths 
must be t 1 = l r / ( k  o c oso~ e )  and L2 = 7r/ 
( k  o s in%).  From simple considerations, 
one can calculate the Doppler shift im- 
parted by two such sets of  ocean waves-  
both moving either toward or away from 
the r a d a r - a s  u = + [cos 1/2 % + sin 1 /20Le]  " 
Now, as a e varies, one sees that this ex- 

pression has a maximum v a l u e - a n d  in 
fact a point of  mathematical station- 
a r i t y - f o r  % = 45 °, which occurs at u 
= 23/4 . Thus two sets of waves at 45 ° 
with respect to the backscatter direc- 
tion and 90 ° with respect to each other 
produce maximal intensity, as explained 
from elementary physics. This intensity 
manifests itself as a spectral peak ai u = 
2 3/4 . 

Before one launches into techniques 
for inverting the nonlinear integral equa- 
tion, (4), to obtain the waveheight spec- 
trum from the observed second-order 
Doppler spectrum, it is instructive to ex- 
amine the numerical solution of the di- 
rect problem. Furthermore, the com- 
bination of  the second-order echo with 
first-order, and their comparison with 
observations, should lend sufficient credi- 
bility to the entire theory that one could 
trust an inversion technique based upon 
these models. In order to perform such 
a numerical calculation, we employ a 
Phillips model for the spatial wavenumber 
spectrum, with a cos40/2 directionality 
in azimuth. Thus we use 

S+(KcosO, ~:sinO) = 

10-2 
cos 4 0/2 

3nK 4 
for K > Kco = g / u  2 

(5) 
0 for r ( ~co = g / u  2 , 
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where u is the wind speed in m/s. IThis 
expression yields a nns waveheight  h = 
0.05 tte/g.) The above simplified model  
is only adequa te  for  fully developed seas, 
that  is, sea condi t ions  where the wind 
dura t ion  is sufficient  that  the waves are 
in equi l ibr ium with the wind. To obta in  
a result using (5) in (4), we assume as 
an example  here that  the radar looks  in 
a di rect ion 0 = 45 ° with respect  to the 
dominan t  wave direct ion.  Fu r the rmore ,  
we assume a radar operat ing f requency"  
o f  13.40 MHz (k o = 0.281 m -1 ). In order  
to combine  the f irs t-order  Doppler  spec- 
t rum with the second-order  por t ion ,  we 
assume that  the two pass th rough  a radar 
receiver whose effect ive windowing width  
is 40 s I.giving an effect ive Doppler  re- 
solut ion of  .025 Hz). Finally,  a wind 
speed of  25 knots  (12.86 m/s is assumed, 
giving an rms waveheight in this case 
of  2.765 ft (0 .843 m). The result is 
shown as the solid curve in Fig. 2. 

Many HF Doppler  spectra  were mea- 
sured in the 1972-1973 per iod with a 
mul t i - f requency  radar on San Clemente  
Island: details o f  the measurements  and 
equ ipmen t  are found in Barrick et al. 
(1974L One typical  set of  three spectra 
(measured on three frequencies ,  13.40, 
13.41, and 13.43 MHz) are shown in 
Fig. 2 for  comparison.  A sample average 
of  9 independen t  200-second Doppler  
spectra on each f r equency  were p roduced  
in this case, and then  passed th rough  the 
same 40-second windowing func t ion  as 
the theoret ical  spectrum.  The observed 
wind speed was 25 knots ,  the seas were 
fully developed,  and the radar beam 
looked in a d i rec t ion of  50 ° with respect  
to the wind. Since path losses in a sys- 
tem such as this are always somewhat  

uncer ta in ,  the spect rum levels wm'e ad- 
justed until  the f i rs t-order  peaks were 
approx ima te ly  aligned. The agreement  o f  
the second-order  s t ructures  lends credi- 
bility to the models.  

In general for  this f r equency  range (5- 
30 MHz), the f irst-order peaks are con- 
stant  in ampl i tude  because they  are sam- 
piing the sea spec t rum in the saturated 
(equil ibrium} region having K 4 depen- 
dence.  Hence,  as waveheight and /o r  
radar f requency  increases, the second- 
o rder  peaks of  the spec t rum increase 
bo th  in their  ampli tudes  and in their  
p rox imi ty  to the f irst-order peaks. As 
the angle, ~, be tween dominan t  waves 
and radar varies be tween  90 ° and 0 ° or  
180 ° , the shape of  bo th  por t ions  o f  the 
Doppler  spect rum varies be tween per- 
fect  s y m m e t r y  abou t  the carrier (at u 
= 0) to greatly skewed shapes in the +u 
or -u directions.  

3. The Non-directional Spectrum 
Approximation 

As a step in the inversion problem 
as pos tu la ted  here,  we show in this sec- 
tion that  the integral 

l T = Z?2 J" dp J" dq S+(~;lx,Kly ) 
lt, Q . . . .  

S ± ( K 2 x , K 2 y ) 6  (C~d:eCOol ¥C0o2 ), 
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FIG. 1. Sketch showing second-order diffraction grating and Doppler effects when inter- 
mediate wave propagates along the surface. 

can be app rox ima ted  in terms o f  the 
waveheight  non-di rec t iona l  spec t rum 
when waveheight  a n d / o r  radar  f r equency  
is large. E m p l o y i n g  the same t ransforma-  
tions out l ined in App. B to derive (4) 
f rom (2),  one can show tha t  

0L 2 
COBI T = 8k2oP 7 ~ f 

b',Ot ~ 1 

dc~S+ [K1 (v,ot) ] S_+ [K2 (v,o0] sin2o~ 

(o 0 ~/2v4j ~ (or) - ~ cos 2 2~ - f8 (~) ' (7) 
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FIG. 2. Compar ison of  theoret ical  and experi- 
mental  Doppler  spectra (in decibels) at %13.4 
MHz. Zero f requency corresponds  to the carrier 
f requency  posi t ion and +1 cor responds  to 0.374 
Hz. Gausian smooth ing  is used on all curves. 

Referring to Fig. B-l,  the more heav- 
ily shaded regions near v = -+1 produce a 
much greater cont r ibut ion  to the in- 
tegral than those farther  removed:  in 
this region, oe is close to 0 and rr/2. We 
plan to concentra te  here only on simpli- 
fication of  the above integral in the re- 
gion where ~ is slightly greater than 
uni ty  and c~ is near zero: results for the 
other  seven corners follow by analogy. 
For  1< ~ < 1 . 3 ,  one can see from Fig. 
B-3 that  two product  functionals  con- 
tribute to the integral: S+(/<I) S.{/~ 2 ) 
and S+(/~ ) S+(~ 2 ). We will expand nor- 
malized frequency,  u, as u = l + / J  in 
this region, where the assumption to be 
made is that /~ is small. Then we change 
variables twice, and arrive at an integral 
over the azimuthal  angle, 02, o f  the 
second spectrum. This essentially results 

in tile removal of  the directional depen- 
dence of  the waveheight spectrum, leav- 
ing the non-directioanl waveheight spec- 
trum evaluated at normalized temporal  
f requency t* -as being proport ional  to I T 
for v > l .  In the process, all quanti t ies 
will be expanded as series in t~, and all 
higher-order terms wil] be dropped.  
The error involved in this approxi- 
mation for various radar frequencies 
and waveheight spectra will be ex- 
amined in a subsequent  section. 

Higher sea states characterized by 
large waveheights - result in smaller values 
of  ~:co (the spatial wavenumber  near 
which most  of  the energy exists). Hence, 
for increasing sea states and/or  radar 
f requency,  the parameter  ~ t = 2ko/fCco) 
increases in size, and the dominan t  energy 
in the Doppler spectrum lies near bt=O, 
o~=0. We will prove this here by deriving 
an approximat ion  for tzc in terms of  ~, 
where /a c is the initial (normalized) fre- 
quency displacement from the Bragg line 
at which the Doppler energy begins to 
be significant. This is done by employ- 
ing the Phillips cu to f f  relationship 
(the first of  Eqs. (B-3)), el iminating 
o~ by employing {B-2), and expanding 
in a series of  ~-n/2 : 

U~. = 1//3 v~ 1/(2/3) + 0(fi-'-t. IS) 

Thus for example,  for /3=10 (corre- 
sponding to an rms waveheight of  0.8 m 
and a radar f requency of  15 MHz for a 
fully developed sea), /,zc = 0.266, which 
is reasonably small. At  this point,  the 
largest value of  o~ is .09 rad or 5 ° : hence, 
for /3>10 the claim becomes increas- 
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ingly valid that  the region of  v,o~ space 
which is impor tan t  occurs for /~ and o~ 
small. (Complementa ry  s y m m e t r y  would 
show that  the same is true for # and 
rr/2-~ small.) 

Next  we derive approximat ions  for ~2 
and oq (the a- integrat ion l im i t s ) i n  this 
region in terms of  ta: these expressions 
come from expanding the Jacobian of  
(B-2) in terms of  (small) o~ and/a:  

Od 1 ~ ,{12(1 - -  /.1) 

and 

~ ~ u~(1 +u) .  (9) 

Thus c~ is indeed small even though  # 
may  be only modera te ly  small. Further-  
more,  the total  excursion in a over this 
region of  integrat ion is even smaller, 
i.e., 2# a. We first use a t ransformat ion  
representing a linear shift in integrat ion 
variables from a to 8, where 6=-oe-al : the 
integrat ion limits on 6 are now 0 and 
2/a 3. Now expanding all quanti t ies  
appearing explicit ly in the integrand 
in terms o f /~  and 6, we retain only  the 
lowest-order terms. As to orders of  
smallness, we note  that  6~0(p3) .  Thus 
we find: 

Klx ~ 2kocos¢ ; Kly ~ 2kosin¢; (9a,b) 

K2X ~ 2 k o [ ~ 2 - 6  /la)COS¢ +X/21af-6  2 /la 2 sine]; (9c) 

K2y ~ 2 k  o [( la2-8/ ,u)sin(a¥-X/21~f-f2/ la~ cos¢]; hence (9d) 

K 1 ~- 2ko; K 2 ~ 2kol~ 2. 0 1 ~ t~; and 

(u 2 - ~/u) sine ¥ x /2u6 -  621u 2 cos~ 
02 = tan -1 [ ] .  

(U 2 - 6/ /a) cos¢  + X /2U6 - 8 ~/U 2 sin ¢ 

The other quantities in the integrand become 

(9e) 

(9f) 

f 4 ( o  0 ~ 1 ; sin2a ~ 2/g 2 ; (9g, h) 
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2x/2#8 - 62/#~. (9i) 

Our previous s ta tement  that  one of  
tile waveheight spectrum factors, S+(~: ~ ) 
-which is c o m m o n  to both of  the two 

terms in tile i n t eg r and -can  be removed 
from the integrand as a cons tan t  is now 
evident under  these approximations.  
Thus the integral cont r ibut ion  to I T 
from this region of  v > l ,  c~ near zero, can 
now be writ ten as 

0:%0 
coB1 

u % l +  
= 8 k 4 f l . z 2 S . ( 2 k o c o s G 2 k o s i n ( p )  X 

COB/e'v-0 = 8k2u ~ S+ (2kocosq),2kosinck) X 
p"x~ l + 

(15+ Tf 
v j. S ~ ( 2 k o l j 2 c o s O 2  -~ , ,-ko/~ ~ sin02 kl02. (12)  

This is the desired result, for it shows 
that  the approximat ions  permit  one to 
integrate out  the angular dependence in 
the waveheight directional spectrum. 
Noting from App. A that  by defini t ion 
S+ and S- are symmetr ic ,  we can relate 
the integral to the nondimensional  tem- 
poral spectrum using (A-6), (A-7), and 
(A-8), obtaining 

x- f 2/2a d6 
7;, ~e,, S+-[V= (/a'8)] x/2uS-8 =/u =. (10) 

/~%0 1 v* l+ = 2 S+(2koC°SG2kosin(a)St(C°B la)" ( 13 ) 

At this point,  we make a final trans- 
format ion to an integrat ion over02.  Note 
that  our initial representat ion in p - q  
space mapped doubly on to  the allowed 
regions of  v-~ (or/a-a) space. Thus,  going 
back to ~:2,02, we see from (9f) that  the 
selection of  one set of  signs covers only 
half  tile total possible variation of  02 
(from 0 to 2rr). For  example,  using the 
upper signs, we see that  at 6=0, 02 =~b, at 
6=/a 3 , 02=7r/2+(0, and at 6=2/a a , 0z=rr+~b. 
The lower sign choice covers the remain- 
ing region ~-rr<02 <4), as 8 varies between 
its limits 0 to 2/a 3 . 

Using the upper  sign choice and the 
Jacobian 

d~ 
dO2=la4~laS.6z/lag, gives (11) 

Up to now, we have considered only 
the contr ibut ion to I T from the reg ion  
near oc=0 (for u> l  ): all identical expres- 
sion is obtained for the region near w=rr/2 
(u>l ) .  Hence we must  double the above 
result to account  for the total integral 
over o~ for v> 1 : 

Iv . 1 = S+(2koc°S(a,2kosinc/))St(COBla). (14) 

By analogy, one can derive an identical 
result for the region of  v slightly less 
than 1, defining in that  case /a---1-v. Fi- 
nally, comparable results for the region 
of  u slightly greater and less t h a n -  1 give 
the same result as (14), but  with S+ re- 
placed by S-. 
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4. The Weighting-Function 
Approximation 

Eq. (6) is s imi la r -but  not  ident ica l -  
to the second-order sea-echo Doppler 
spectrum as given in (2). Aside from 
multiplicative constants, it differs only 
in the presence of  II'TI 2 in the integrand 
of  (2). The approximation to be made in 
this section involves the removal of  
IPTI 2 from the integrand. 

Let us refer to (4) and compare it 
with (7). Here, the non-common inte- 
grand factor is 2 s k6rrl',/T(V,OO I z/fa2 (o0. 
For  a given Doppler frequency, v, this 
factor weights the remaining integrand 
over a. The simplest approximation 
would be to remove this factor and treat 
it as a constant, as though it varies neither 
with v nor with a. Our approximation 
will be somewhat  better. We will retain 
the v-dependence of  the factor, and then 
average it over o~. Thus, the approxima- 
tion goes as follows: 

C°BO(2)(COBV) = 2 s k67r [l~/T(V,a)l 2 / r=  (0t)] a X 

8k~v 7 

a2 deS+ [r(v,a)] S+- [r2 (v,a) ] sin2a 

~Z f l),Ol 
a, P (a)x/t2v'f * (a)-v 8 cos 2 2a-f ~ (a) ,(15) 

or o(2)(COBV)=2s k67rw(v)Iv> 1 = 

2Sk6on'W(v)S+ (2kocoS¢,2kosin~)St(WBla) ,(16) 

where we have used (7) and (14), and we 
define the "weighting funct ion",  w(v), 
as follows 

w(v) =- [ l "rr(v,~) 12 / f  ~ (a)] 

1~ fa-~ da]TT(v'°OI2 (17) 
c~ '~1 f ~  (,~) ' 

and where we again note that for v > l ,  
g -v-  1. 

Thus we have derived an approxima- 
tion whereby the waveheight non-direc- 
tional temporal spectrum is expressed in 
terms of  the second-order Doppler spec- 
trum divided by a weighting function; 
the latter quanti ty is readily determined 
by performing the integration (numeri- 
cally) o f  the theoretical coupling coeffi- 
cient, [~,TI 2/f12 (o0. 

Figure 3 shows a plot of  the weight- 
ing function numerically evaluated for 
0<v<2.4 .  (It is symmetric for v<0.)  
Also shown are the contributions to w(v) 
from the square of  each of  the two terms 
of  3,T(v,a) taken separately. This permits 
one to obtain a feeling for where over v 
the hydrodynamic second-order effects 
dominate the electromagnetic second- 
order effects, as expressed separately 
by w h and w e . Notice that We-and 
hence w - h a v e  peaks at 2 1/2, 23/4, and 
increase toward infinity as v-+0,oo. 
These characteristics will tend to correct 
the Doppler sidebands bringing their 
behavior more in line with the actual 
waveheight temporal spectrum that pro- 
duced the Doppler sidebands. 
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5. A p p l i c a t i o n  and E v a l u a t i o n  

Equation (16) contains the direc- 
tional waveheight spatial spectrum, S+, 
evaluated at the Bragg wavenumbers 
2kocos ~, 2kosin4). It is a simple matter 
to remove this factor by noting that 
it appears in the expression for first- 
order scatter, Eq. (1). Integrating (1t 
over positive Doppler frequencies (u>O),  
and assuming 4~<rr/2, we obtain 

o ~  

f O( 1 ) (COd) dCOd o 

"~7 .40 = - rrKoJ+ (2kocoscp, 2kosin(o). (18) 

Hence for t,>O, we have (using COd-COB t, ): 

4°I 2 )( C°BU ) / w(u) 
St [COB i u 1[1= .(19) 

o o  

k~) j" ot I ~(C°BU)d(COBU) 
¢) 

When dealing with measured data, 
this result says the following. If one 
can isolate the dominant first-order 
Doppler peak, one simply integrates 
this portion of  the power spectral den- 
sity to obtain the total first-order en- 
ergy. Either of  the second-order side- 
bands near that first-order peak is then 
divided by this first-order quantity, at'- 
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ter the second-order sideband has it- 
self been divided by the weighting 
function calculated here. This expression 
is self-normalizing, because any unknown 
path-loss or system constants multi- 
plying the entire Doppler  spectrum will 
cancel in the division process. 

The ultimate worth of  any inversion 
technique such as this will be estab- 
lished by comparing radar measurements 
with exact "sea-truth" data for the wave- 
height temporal spectrum. Until such 
measurements can be made, we can ob- 
tain a feel for the validity of  the approxi- 
mation behind this inversion by starting 
with a given form for the waveheight 
temporal spectrum, employing the theory 
here to calculate the average first and se- 
cond-order Doppler spectra, and then in- 
verting them via (19), at tempting to 
recover the original waveheight spectrum. 
The magnitude of the departure of  the 
recovered from the original waveheight 
spectra gives an indication of  the quality 
and regions of  validity of  the approxi- 
mations. 

To illustrate the accuracy of  the tech- 
nique, we employ the classic CO-5 Phillips 
model for the waveheight temporal spec- 
trum and give it a cos40/2 directional 
dependence;  this is expressed in (5). In 
particular, we choose three radar direc- 
tions (with respect to the dominant 
wave directions): ~ = 0, 45  ° ,  a n d  90  ° .  
Finally, we employ a "sharp" lower-end 
cutoff,  as well as a truncated or flat-top- 
ped lower endl .  The parameter ~ is the 

ratio 2ko/~co , where Kco is the actual 
lower-end cutoff.  In the case of  the trun- 
cated spectrum, the flat top extends 
from cutoff,  COco (COco = ~ )  out  to 
d2COco. In employing (19) to re- 
cover St, both  Doppler sidebands near 
the dominant first-order peak (at u=+l) 
were used; they were added and halved 
to obtain an average. Figures 4 and 5 
show the comparisons between the re- 
covered and the original spectra, z 

Qualitative comparison of  the shapes 
of  the recovered vs input spec t ra -when  
done on semi-logarithmic graphs as in 
Figs. 4 and 5-1eaves some doubt  as to 
the exact accuracy of  the technique. A 
meaningful quantitative comparison is 
the relationship between the areas under 
the curves. This area is in fact the mean- 
square waveheight of  the sea, perhaps 
the single most important descriptor of  
sea state. Let us denote by h .  the rms 
"radar-deduced" waveheight as recovered 
using the inversion technique based upon 
the area under the gray curves, and h, 
the rms waveheight from the input spec- 
tral model. Then Table 1 summarizes 
the ratio h/h, for the models repre- 
sented in Figs. 4 and 5; unity represents 
a perfect recovery. Further detailed 

2To provide some feel for the parameter /3,  
if  we take 15 Mhz (a typical  HF radar f requency) ,  
for /3 /2=4 and i 0, we obtain rms waveheights  of  
0.636 m and 1.592 m for the sharp spectrum, 
with 0.469 m and 1.173 'm for the t runcated 
spectrum. 

1 Al though  many o ther  shapes have been proposed for the waveheight  spectrum, we f requent ly  
observed nondi rec t ional  spectra with our  Waverider buoy  during the San Clemente  Island experi- 
ments  which closely resembled the models  used here. The mode l  with the " sha rp"  lower-end 
cu tof f  appeared more characterist ic of  ful ly-developed seas, while the t runcated  or " f l a t - topped"  
mode l  was of ten  seen in seas which were not  yet  fully developed by the wind. 
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Phillips model with sharp cutoff is used as input. 

studies of waveheight extraction and 
comparisons with measured data are 
found in Barrick [1977]. 

As one can see from Figs. 4 and 5 and 
Table 1, the quNity of the approxima- 
tion improves for increasing seas and/or 
frequency, as represented by increas- 
ing (3. For remote-sensing applications, 
this is a satisfying trend, since accuracy 
is probably least important for low seas. 

Likewise, observe that the co- s depen- 
dence of tile input spectrum is best re- 
covered at the lower end representing 
the longer, higher waves. Notice also that 
the singularities which occur in the 
Doppler spectrum at 212 and 2 3/4 a re  

effectively removed by the use of the 
weighting function, helping thereby 
to recover the original shape of the 
waveheight spectrum. 
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6. Conclusions 

Ever since the solution relating the 
second-order HF Doppler sea echo to 
the integral of  the product  of  two wave- 
height directional spectra appeared over 
five years ago, it has been evident that 
one should be able to sense many wave- 
height parameters with a single radar 
observation from a single direction. 

Published works to this time have mainly 
been concerned with the direct problem, 
i.e., given a waveheight spectral model, 
calculate the received Doppler spectrum. 
Such an approach -whi l e  it has permitted 
verification of  the theoretical m o d e l -  
has limited application to remote sensing, 
for it requires a person to estimate 
wave characteristics by selecting from 
many the one precomputed Doppler 
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TABLF 1 
h/h, 

0 ° ,  180  ° 

Radar/wind direction 

45 °, 135 ° 00 ° 

Sharp cutoff 
fl/2=4 0.848 {).833 0.901 
j3/2= 10 0.870 0.85 t 0.~; 23 

Flat top 
j3/2=4 0.827 0.824 0.940 
/3/2= 10 0.880 0.856 0.913 

pattern that most nearly matches his 
observations. 

The ultimate goal should be deriva- 
tion of an exact inversion scheme for 
the nonlinear integral eq. (2). A step in 
this direction is Lips' recent work ( 1977 ). 
We have produced the derivation of a 
simple closed-form solution, which is 
based upon Hasselmann's suggestion 
(1971) that the second-order Doppler 
sidebands ought to replicate in some 
sense the nondirectional waveheight 
temporal spectrum. Our derivation in- 
volves the calculation and normalization 
of the second-order Doppler spectrum 
by a simple, dimensionless weighting 
function, calculated and presented here. 
Our technique has the advantage that 
no m o d e l - e i t h e r  for the directional or 
for the radial po r t ions -need  be assumed 
for the waveheight directional spectrum 
appearing (twice) in the integrand, as 
seen from the theory. Although we chose 
to illustrate the accuracy of  the inverted 
results in this paper by employing specific 
models having (i) abrupt lower-end cut- 
offs, with both sharply peaked and 
flat radial wavenumber shapes, and (ii) 
a cos4(0/2) angular dependence, we have 
tested the technique against a variety 

of other models. These include spectra 
whose radial wavenumber dependence 
follows empirical models near the lower 
end suggested by Neumann and Pierson, 
Pierson and Moskowitz (Kinsman, 1965). 
and whose angular dependence has both 
the semi-isotropic nature suggested by 
Phillips (1966) (i.e., no waves opposing 
the wind) and for cos s ({)/2) models with 
s as high as 16. The inversion results 
there have identical trends and accuracies 
as those presented here: they are omitted 
for lack of space. These additional case 
studies do support the claim that the 
inversion technique is indeed general, 
and does not depend upon a given model 
behavior for the waveheight directional 
spectrum. 

By employing our result to recover 
various waveheight nondirectional spectra 
used to calculate the Doppler spectrum, 
we have determined that the approxima- 
tions leading to our result are valid under 
conditions of higher seas and/or radar 
frequencies. Both the magnitude, shape, 
and area of the recovered curves resemble 
those of the original waveheight spectrum 
under these conditions, with only slight 
differences depending upon the radar 
direction with respect to the dominant 
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wave direction. In particular, if one de- 
fines a parameter koh, where ko is the 
radar wavenumber and h is the rms wave- 
height, our comparisons show that 
reasonable agreement can be expected 
when this parameter exceeds 0.2. 

Having obtained the non-directional 
waveheight spectrum from measure- 
ments in this manner, one can establish 
many important  descriptors of  the sea 
state, such as rms waveheight, the 
dominant wave period, the presence and 
frequency of  any swell components,  and 
the stage of  development of  a wind- 
driven sea. 

HF surface-wave radars can regularly 
produce Doppler spectra with sufficient 
resolution that the first-order and second- 
order components  can be clearly recog- 
nized and used with this approach. How- 
ever, skywave radar Doppler spectra will 
frequently be "smeared" by ionospheric 
multipath effects so that it will not  al- 
ways be possible to readily distinguish 
the first from the second-order energy. 
In such cases, direct application of  the 
technique derived here will not  be pos- 
sible without  further refinements and 
approximations. 

Appendix A. The Waveheight 
Spatial-Temporal Spectrum 

We define our coordinates such that 
the +x-direction coincides with the 
azimuth along which the traveling ocean 
waves have maximum strength; other- 
wise, the waveheight spatial spectrum 
can have a completely arbitrary angular 
distribution. We assume that in general 
waves moving in the back half-space 
(i.e., with a velocity component  along 
the -x- direction) can exist. Further- 
more, we employ the lowest-order dis- 
persion relation for first-order ocean 
waves. Finally, with the requirement 
that the ocean waveheight be a real 
number, we employ the following 
definition for the waveheight, ~', as a 
function of  space and time (where a 
Fourier-series representation is used over 
sp ace): 

[(x,y,t) = ~ P+(m,n) eiamx+iany "iw mnt 
m,n=-~ 

+ E P.(m,n) e~mx+~mY+ltOmn t, m,n=.~ 

(A- l )  
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where P+(-m,-n) = P+ (m,n) and Wmn = 
sgn (m) v/ g[(am) 2 + (an) 2 ] 1/2, with "a"  
being a fundamental spatial frequency, 
assumed to be much less than the smallest 
wavenumbers actually present on the 
ocean. Here, P+ describes the ampli- 
tudes of those waves having velocity 
components  in the +x-directions, respec- 
tively. We note that such a definition of  
real waves is required in all o f  the 
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per turbat ional  scattering theories pat- 
temed after Rice (1951) ,  where the real 
spatial waveheight series is ex tended  to 
include time variation, as in Barrick 
(1972a).  

The average spatial- temporal  wave- 
height spect rum may now be defined in 
the fol lowing manner ,  where the Four ier  
coefficients  are taken to be independen t  
r andom variables: 

1 j'J~ < ~ { x  V t ) ~ ( x + r v , y + r ~ . t + T t ) > Y  S(Kx,K3. ,w ) - (27Z}3 - . _ 

e iKxrx -iKyry+ic°rtdrxdrvdrt 

--S+(Kx, K.V)6(~ ~ o ) + S  IKx, K , , ~ 8 ( w + W , , ) ,  (A-2 } 

where co o = sgtl ( ~ x ) x / ~ - ,  with ~ = 
and k: x = a m ,  ~y = all. In terms 

of  the coeff ic ient  averages, we have 

< P+ ( m ,n ) P+_( k , l )  > = 

a 2 S+_(K x , Ky ) I \ )rk  = m,  l = it: 

0 for other k,l.  
(A-3) 

This defini t ion requires the fol lowing 
normal iza t ion  for mean-square wave- 
height: 

h 2 = < ~ 2 ( x , y , t ) > =  f f f  S (Kx,Ky,CO)dKxd~vdW = £, f f  S+ (.K x , Ky ) dK x dKy. (A-4)  
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Note also that because waveheight and its 
spatial correlation coefficient must be 
pure real, S+(-~:x,-tey ) = S+(~x,~ey), with 
an analogous symmetry requirement for 
S-. 

Oceanographers using tilt-buoys (Tyler 
et al., 1974) for measurements would de- 
fine a waveheight directional spectrum in 
polar coordinates, Ss(~:,O ) (for a spatial 
spectrum) or St(co,O) (for the temporal 
version) with the following interrelation- 
ships: 

7 = lr h 2 = f dr dOSs(r,O)= f dco f dOSt(co,O); 
0 --?7 0 --77 

(A-5) 

with S t ( c o  , _ 2w °°2 O )  0) --g-- ss (T-, (A-6) 

from the dispersion relation, and the 
simple non-directional spectra defined as 

17 
Ss(r)= f Ss(r,O)d 0 St(w) rr = f St(oo, O)dO. 

- -  Tr _ gg 
(A-7) 

The quantity SsO¢,O) is related to our 
spectrum as 

SS(K'O)=t2KS+(KCOS0'Ksin0) for-- ~ < 0 <  ~, 

3rr rr 2rS (rcosO, rsinO) for 2 < 0 < - 2 "  
(A-8) 
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Attention is directed to frequent con- 
fusion involving a factor of two in relat- 
ing oceanographically observed (Teague 
et al., 1975) or modeled (Barrick, 1972a) 
waveheight spectra to scattered sea echo. 
Scattering theory requires waveheight 
descriptions similar to (A-l), and hence 
waveheight spectra of a form (A-2); thus 
we must employ (A-8) to relate these to 
the oceanographic observables. 

Appendix B. The Integral 
Transformation 

Equation (2) for the second-order 
scatter can be reduced from a double to 
a single integral by employing the sifting 
property of  the Dirac-delta function. 
While the left side of the equation is an 
explicit function of one independent 
variable, cod, the integrand is a func- 
tion of three: cod, P, and q. The delta 

function implies an interdependence 
among the three such that only two are 
strictly independent: one of the two is 
then eliminated in the final single 
integration. To employ the delta func- 
tion to eliminate one of the two inte- 
grals, one must transform variable from 
p and q to two other variables with a 
(generally) multivalued mapping. The 
choice of  transformation variables is 
optional, and various investigators have 
made different selections. There are 
problems encountered in each method. 
Ours has the advantages that a cubic (or 
higher) equation does not arise within 
the delta function argument, and that 
the final integration limits are finite; the 
disadvantage is that these integration 
limits must be found by solving a tran- 
scendental equation (numerically) for 
each value of co d and O, 

Our transformation process goes 
basically as follows: 

(a) P,q -+ ~:1, ~:2 (-~<p,q<o~: ~:1,~: 2 > 0), where /~1 and b: 2 
are as defined following (2). 

(b) ~q ~2 - + r , c e ( r > 0 ; 0 <  o~<rr , , ), where hq ~- r cosoe and K 2 

r sina. 
(c) r -+ r/ ( -~  < ~ < ~), where r? ~- -+ COol +- coo~ = grf(oe), 

. 1 )  . . -~- 
where f(o0 ~ -+ sgn(~:lx)Cosl/"oe + sgn(~2xJsml/2oz, the up- 

per/lower sign choices depending upon which of the four temls 
of the integrand in (2) is being used. 

The Jacobian of the total transforma- 
tion process is 

J(r/, c~) ...... 2r~ 7 sin 2c~ 
g2f4 (~)X/892 kg/74f4 ( ~ ) _ 7 8  cos 2 20¢- 1694k 4 8 of  (~) 

(B-I) 
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FIG. B-1. Plot showing regions over u - a  space used for integration of (4). Solid lines delimiting 
regions of heavier shading are solutions to (B-3). Dotted lines indicate electromagnetic singularity, 
obtained as solution to equation f ( a e )  = U. 

At this point  the argument of  the delta 
function becomes c o d -  ~7; the integral 
over r/is thus eliminated by dropping the 
delta function and replacing ~ every- 
where by cod" With a further normaliza- 
tion of  Doppler frequency co d as v - 
cod~coB, one obtains (4). 

Several details of  this transformation 
must be outlined carefully. The first has 
to do with the integration limits on ~. 
There are three types of  limits: 

(a) Jacobian-imposed limits. This limit 
is dictated by the fact that the argument 
of  the radical in the denominator  of  J 
must  be positive in order for the mapping 
to be real. In terms of  v, the inequality 
defining this limit, oq, is 

2v4f4(eq)-u 8 cos z 2 a j - f  8 (aj) >~ O. (B-2) 

(b) Spectral-model limits. Certain types 
of  waveheight spectral m o d e l s - s u c h  as 
the Phillips (1966) m o d e l - a r e  non- 
zero by definition only when the wave- 
number  exceeds a lower cu tof f  value; 
for fully developed seas, this is often 
given in terms of  wind speed, u, as 

> ~Cco =g/u  2 (see Eq. (5) o f  the text.) 
Thus, for a model such as this, the inte- 
grand is nonzero only when ~:1 and ~2 
exceed this cutoff,  giving rise to the 
inequalities 
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t,: coSC~w/.[2 (OLw) ~. 1/~ 

and 

z 'e sinc~w/f2 (a,,,) ~ > 1/13, (B-3) 

where ~ is a dimensionless pa ramete r  
( [ 3 - 2 k o / ~ c o )  that  is basically a mea- 
sure o f  the roughness height normal ized  
to radio wavelength.  

Figure B-1 shows the region I for  
v > 0) in u-~ space within which the 
mapping occurs,  as def ined by Eq. 

(B-21. Shown also are lines obta ined 
from Eqs. IB-3t: these along with thc 
heavy shading indicate which regions 
of  v c~ space are most  impor tan t  for  
higher sea states and /o r  radar frequencies  
l i.e.. higher values of/3). 

(c) Sign-change limits. File sigm of 
tile Doppler  shift, co d , in c2t for  each 
o f  tile four  terms of  the integrand de- 
pends upon whe ther  tm~.v and ~2.,. 
arc less or greater  than zero.  Thus,  
/ ~ q space can be divided into three 
bands, as shown in Fig. B-2(aL Tile 
vertical, dashed lines delineating these 
regions are given by 

= _ fs  (c~pn), and .f4 (Otp) cos~b v 4 cos~cos2% ~ s i n ~ / 2 v 4 f  4 (C~p)--u s cos 2 ~av ' 

(B-4) 

t) 4 cos~bcos2a'p -+ sin0X/2u a.t "4 (O~p)-v 8 cos22Otp ./"*' (o~) = j.4 lOOp )cos@ 

The two values, ~p and o~ n (going with 
the upper  and lower  signs, respectively,  
in these equat ions)  originate because p 
and q have two solutions in terms o f  
~ and ~:2 (which are t r ans formed  to 
o< u as): 

p / k  o = (u 4 cos~bcos 2 20e -+ sin~b~/2u4f 4 ( a ) -v  8 cos 2 20t--f s (a}) / f4  (~), and 

( ' l /k  0 = ( U4 sin qScos a 2a  ~ cos~bx/2v4,f 4 (or) - -  1,8 COS 2 2o~ - f 8  (Ol))/f4 {OL }, 

{B-5) 
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FIG. B-2. Plot showing how lines 
from p - q  space (upper) map onto 
u - a  space for l<[vl<3 (middle) 
and - l < t , < + l  (lower). A radar/ 
wind direction of ¢ =  45 ° is used 
for this example, and arrows show 
movement of boundaries as ¢ 
goes from 45 ° toward 90 ° (cross- 
wind case). 

This f u r t h e r  def ines  regions on  the 
p - q  plane  de l inea ted  by  the d o t t e d  
line with slope ¢. This line is ob t a ined  
by  not ing  tha t  the sign change is ob- 
ta ined at a = aj ,  where  one can solve 
the above  two  equa t ions  for  the line to 
obta in  q/p  = tan ¢. 

F o r  the sake o f  example ,  we show 
several o f  the re levant  lines in Fig. B-2(b)  
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obtained from the above inequalities. 
mapped into t, +c~ space: we employ 
~ = 4 5  ° for the curves of Fig. B-2. 
Furthermore, we indicate by arrows how 
these various lines collapse as ¢0--+ 90 °, 
i.e., in the "crosswind" case. 

Finally, we illustrate by chart form in 
Fig. B-3 how all of the four terms in 
the integrand of (2) map onto u ce 
space {again pictured for ~ = 4 5 ° ) .  As 
can be seen, the entire four-term inte- 
grand over all p q space maps onto 

a '  space in a double-valued manner. 
This is important when one solves t4) 
numerically and attempts to take advan- 
tage of the various complementary 

symmetries of the mapping to reduce 
the computations. The solution of the 
inversion problem a.~ fonnulated in the 
text is also clarified by understandil~g 
the mappings described here for solving 
the direct in tegral. 

In effect, the coordinate system and 
transformation employed here accounts 
for radar/wave direction, ~, by changing 
the boundaries of the mapping (in both 
p q and z: c~ spacet, while keeping the 
waveheight spectra in the integrand 
inwtriant with ~. l ransfonnat ions  used 
by others t Lipa, 1977} keep the mapping 
boundaries constant, hut include di- 
rection, ~b, within the arguments of the 
waveheight spectra. 

L 

t _ .  + . 

- - 4  

FIG. B-3(a). Plot  showing  how the  various t e rms  of  tile in tegrand  of  Eq. 12~ map f rom p q space 
o n t o u  o~space f o r ~ = 4 5  ° and 1 < I t ,  l < 3 .  
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FIG. B-3(b). Plot showing how the various terms of the integrand of Eq. (2) map from p - q  
space onto v - a  space for ~ = 45 ° and - 1 < v < +I. 
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FIG. B-3(c). Iota l  combination of mappings of previous two 
figures. 
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